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Abstract
It is a basic problem in Iwasawa theory that the existence of a Zp-extension with prescribed Iwa-
sawa invariants. Since the Iwasawa λ-invariant is regarded as an analogue of (twice of) the genus
of an algebraic curve, we are especially interested in the problem on the Iwasawa λ-invariants. In
this article, for a few prime numbers p, we show that there is a Zp-extension with prescribed Iwa-
sawa λ-invariant by using Kida’s formula, which is a number field analogue of the Riemann–Hurwitz
formula.
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Let p be a fixed prime number. For any Zp-extension K/k over a number field k of finite
degree, the Iwasawa module XK of K/k is defined to be the projective limit lim←−A(kn) with
respect to the norm maps, A(kn) being the p-part of the ideal class group of the nth layer
kn of K/k. Otherwise, we can also define XK to be the Galois group Gal(L(K)/K) of
the maximal unramified pro-p abelian extension L(K)/K . Then the complete group ring
ΛK/k = Zp[[Gal(K/k)]] acts on XK and Iwasawa showed that XK is a finitely generated
torsion ΛK/k-module. Iwasawa [5] studied the ΛK/k-module structure of XK and deduced
the following celebrated formula.
Theorem A. There exist nonnegative integers λ(K/k), μ(K/k) and an integer ν(K/k)
such that #A(kn) = pλ(K/k)n+μ(K/k)pn+ν(K/k) for all sufficiently large n.
Here the integers λ(K/k), μ(K/k) and ν(K/k) are called the Iwasawa invariants
of K/k. We remark that λ(K/k) and μ(K/k) are the invariants of the ΛK/k-module
structure of XK , namely, λ(K/k) = dimQp (XK ⊗Zp Qp), and μ(K/k) =
∑s
i=1 mi where
mi  1 are defined by TorZpXK ∼
⊕s
i=1 ΛK/k/pmi , ∼ denoting a pseudo isomorphism of
ΛK/k-modules.
Now it arises the following basic question on λ- and μ-invariants:
Question A. Let p be a prime number. For any given nonnegative integers  and m, does
there exist a Zp-extension K/k with λ(K/k) =  and μ(K/k) = m?
The third author [8] investigated “the μ-part” of the above question, and gave the fol-
lowing:
Theorem B. Let p be an odd prime number. For any nonnegative integer m, there
exists a Zp-extension K/k with μ(K/k) = m (and λ(K/k) = 0), specifically, XK 
(ΛK/k/p)
⊕m
.
At present, it is difficult to consider the λ- and μ-invariants simultaneously in Ques-
tion A. Hence, in the present paper, we will investigate the following simpler question,
“the λ-part” of Question A:
Question B. Let p be a prime number. For any given nonnegative integer , does there
exist a Zp-extension K/k with λ(K/k) = ?
One may have a feeling that this question is easier than that on μ-invariants because
μ > 0 usually causes many difficulties in Iwasawa theory. However, Question B seems
much more difficult than the question on μ-invariants. In fact, we can answer to Question B
affirmatively only for a few prime numbers p (see Theorem 1 below).
The Iwasawa λ-invariants may be regarded as an analogous invariant to the genus (or
twice of the genus) of algebraic curves defined over finite fields. In contrast to the difficulty
of Question B, one can easily find that the genus of algebraic curves takes an arbitrary
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we have not known whether this simple question is affirmatively answered for a given
prime number p. However, we will give the following partial answer to Question B by
using Kida’s formula, which is a number field analogy to the Riemann–Hurwitz formula:
Theorem 1. Question B is affirmatively answered if p = 2, 3 or 5.
2. Main result
Throughout this paper, we denote by k∞ the cyclotomic Zp-extension of a number field
k for a fixed prime number p.
First of all, we will see that Question B for p = 2 is affirmatively answered. Let  be
any nonnegative integer. If we choose  + 1 distinct prime numbers p1, . . . , p+1 with
pi ≡ ±3 mod 8 and p1p2 · · ·p+1 ≡ 3 mod 4, then the Iwasawa module of the cy-
clotomic Z2-extension Q(
√−p1 · · ·p+1 )∞/Q(√−p1 · · ·p+1 ) is isomorphic to Z⊕2 as
Z2-modules by the theorems of Ferrero [1] and Kida [6], hence λ(Q(
√−p1 · · ·p+1 )∞/
Q(
√−p1 · · ·p+1 )) = .
For odd prime numbers p, we will show the following, from which one can derive
Theorem 1 in introduction:
Theorem 2. Let p be an odd prime number, and put Sp = {0} ∪ {ap − b(p − 1) | a, b ∈ Z,
1  b  a  p − 2}. Assume that for every t ∈ Sp , there exists an imaginary quadratic
field E (not Q(√−3 ) if p = 3) such that the λ-invariant of the cyclotomic Zp-extension
E∞/E is equal to t . Then, for any  ∈ Z0, there exists a CM-field k with λ(k∞/k) = ,
specifically, Xk∞  Z⊕p as Zp-modules.
For p = 3 and 5, we obtain Theorem 1 by using Theorem 2 and the calculation of λ-
invariants by Fukuda [3]. In fact, we see that S3 = {0,1} and S5 = {0,1,2,3,6,7,11},
and that the λ-invariants of the cyclotomic Z3-extensions over Q(
√−m) are 0 and 1 for
m = 1 and 2, respectively, and those of the cyclotomic Z5-extensions over Q(√−m) are
0,1,2,3,6,7, and 11 for m = 2,6,11,166,32911,48570,8105865, respectively.
3. Proof of Theorem 2
Theorem 2 follows from the following theorem as we shall see later:
Theorem 3. Let p be an odd prime number and k a CM-field with the maximal real sub-
field k+, and put N = [k : Q]/2 = [k+ : Q]. Assume that
(i) the Iwasawa μ-invariant of k∞/k is 0,
(ii) the class number of k+ is prime to p,
(iii) there is a unique prime of k+ lying above p,
(iv) ζp /∈ k.
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degree p such that X(Fk)∞  Z⊕pλ(k∞/k)+s(p−1)p as Zp-modules.
First, we will observe that Theorem 2 follows from Theorem 3. We see that
Z0 = Sp ∪
{
pt + s(p − 1) | t ∈ Sp, s ∈ Z0
} (1)
as follows: Let n ∈ Z0 be any integer. Then we can write n = u(p − 1) + v with some
integers u  0 and v with 0  v  p − 2. If u v, then n = pv + (u − v)(p − 1) with
u − v  0 and v ∈ {0,1, . . . , p − 2} ⊆ Sp . If v > u, then n = pv − (v − u)(p − 1) with
1 v − u v  p − 2, hence n ∈ Sp . Thus we obtain (1).
Let  be any nonnegative integer. If  ∈ Sp , then we have nothing to do because  is
the λ-invariant of the cyclotomic Zp-extension over a certain imaginary quadratic field
by the assumption of Theorem 2. Then, by using (1), we may assume that there exist
t ∈ Sp and s ∈ Z0 such that  = pt + s(p − 1). By the assumption of Theorem 2, there
is an imaginary quadratic field E(= Q(√−3 ) if p = 3) with the property λ(E∞/E) = t .
Let d be a nonnegative integer with s  pd . Then the CM-field k = Ed (the d th layer of
E∞/E) with the maximal real subfield Qd (the d th layer of Q∞/Q) satisfies the assump-
tion of Theorem 3, because μ(E∞/E) = 0 by the Ferrero–Washington theorem [2] and
the class number of Qd is prime to p as well known (see Iwasawa [4], or Washington
[9, Theorem 10.4]). Then there is a cyclic extension F over Qd of degree p such that
X(Fk)∞  Z⊕pt+s(p−1)p = Z⊕p as Zp-modules. This proves Theorem 2.
Now we start with the proof of Theorem 3. We first introduce some basic notations.
Let ζn ∈ Q be a fixed primitive nth root of unity for any integer n 1, and we write μp∞
for the group of all p-power-th roots of unity. For any number field L, we denote by OL
and EL the ring of integers and the unit group of L, respectively. We let e0 be the positive
integer such that k+(ζp) ∩ Q(μp∞) = Q(ζpe0 ), and let b be the order of the ideal class
containing the prime p of k+ lying above p in the ideal class group of k+. Then b is
prime to p by assumption (ii), and pb = αOk+ for some α ∈Ok+ . Put M = k+(ζp), and let
{ε1, . . . , εN−1} be a system of fundamental units of k+.
Lemma 1. The elements α(M×)p, ζpe0 (M×)p, ε1(M×)p, . . . , εN−1(M×)p of M×/(M×)p
are independent over F := Z/p.
Proof. Assume that
αdζ cpe0 ε
a1
1 · · · εaN−1N−1 = βp1
for some ai, c, d ∈ Z, and β1 ∈ M×. Let v be the normalized P-adic valuation with respect
to a prime P of M lying above p. By the above equality, we have bde(P) = dv(α) =
pv(β1), e(P) being the ramification index of the prime P in M/k+. Since [M : k+] is
prime to p, e(P) is also prime to p. Hence we deduce p|d from the above equality and the
fact p  b. Then we have
ζ ce0 ε
a1 · · · εaN−1 = βpp 1 N−1 2
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σ − 1 to the both sides of the above equality, we have (ζ σ−1
pe0 )
c = (βσ−12 )p . Let f be an
integer such that ζ σ
pe0 = ζ fpe0 , so that f ≡ 1 mod p. Since ζ (f−1)cpe0 = (βσ−12 )p , we see that
βσ−12 is a p-power-th root of unity in M . Then β
σ−1
2 = ζ hpe0 for some h ∈ Z. This implies
(f −1)c ≡ ph mod pe0 , and, therefore, p | (f −1)c. Since p  f −1, we have p | c. Hence,
we have
ε
a1
1 · · · εan−1N−1 = βp3
for some β3 ∈ M×. By taking the norm from M to k+, we have εa1[M:k+]1 · · · εan−1[M:k
+]
N−1 =
(NM/k+β3)
p
. Since [M : k+] is prime to p, we have p | ai for 1  i  N − 1 because
{ε1, . . . , εN−1} is a system of fundamental units of k+. Thus we have completed a proof of
Lemma 1. 
Put r = s if s  1, and r = 1 if s = 0. It follows from Lemma 1 and the Kummer
theory that the fields M( p
√
α ),M(ζpe0+1),M(
p
√
ε1 ), . . . ,M( p
√
εN−1 ) are linearly disjoint
cyclic extensions of degree p over M . Therefore, by the ˇCebotarev density theorem, we
can choose r degree one primes L1, . . . ,Lr of M satisfying the following conditions:
(I) Li are prime to p and lying over distinct rational primes,
(II) Li remains prime in M(ζpe0+1)/M for 1 i  r ,
(III) if r  2, then
(a) L1 remains prime in M( p√ε1 )/M and splits in M( p√εj )/M for 2 j N − 1,
(b) Li (2 i  r − 1) remains prime in M( p√εi−1 )/M and M( p√εi )/M , and splits
in M( p√εj )/M for 1 j N − 1, j = i − 1, i,
(c) Lr remains prime in M( p√εr−1 )/M and splits in M( p√εj )/M for 1  j 
N − 1, j = r − 1,
(III′) if r = 1, then L1 splits in M( p√εj )/M for 1 j N − 1,
(IV) L1 remains prime and Li (2 i  r) splits in M( p
√
α )/M ,
(V) if s  1, then Li splits in Mk/M for 1 i  r , and if s = 0 (hence r = 1), then L1
remains prime in Mk/M (we see [Mk : M] = 2 from assumption (iv), hence Mk/M
is linearly disjoint from cyclic extensions of degree p = 2 over M).
Let li be the prime of k+ below Li (1  i  r) and m =∏1ir li . Denote by F/k+
the maximal elementary abelian p-extension of k+ whose conductor divides m. We will
show that F is a desired field in what follows.
Lemma 2.
(1) F/k+ is ramified at exactly r primes l1, . . . , lr .
(2) Gal(F/k+) = 〈(p,F/k+)〉  Z/p, where ( ,F/k+) stands for the Artin symbol.
In particular, the prime p remains prime in F/k+.
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ray group of modulo m of k+, respectively, and define Pm to be the group of the principal
ideals contained in Im. It follows from assumption (ii) that p  [Im : Pm], hence we find
that the natural inclusion Pm ⊆ Im induces the isomorphism (Pm/Sm)/p  (Im/Sm)/p.
By class field theory, the Artin map induces the isomorphism (Im/Sm)/p  Gal(F/k+),
so that we have (Pm/Sm)/p  Gal(F/k+). Let ϕ :Ek+ → (Ok+/m)×/p be the natural
map induced by the inclusion Ek+ ⊆Ok+ . Then we obtain
Cokerϕ  (Pm/Sm)/p  Gal(F/k+). (2)
On the other hand, we have the following isomorphisms by condition (I):
(Ok+/m)×/p 
⊕
1ir
(Ok+/li )×/p 
⊕
1ir
(OM/Li )×/p  F⊕rp ,
where the 1st and 2nd isomorphisms are the natural ones, and the 3rd isomorphism is
induced by (OM/Li )×/p  (the class of ζp) → 1 ∈ Fp . We identifies (Ok+/m)×/p with
F⊕rp via the above isomorphisms. Then it follows from conditions (III) and (III′) on the
primes Li that ϕ(Ek+) = 0 if r = 1, and that if r  2 then ϕ(Ek+) is the subspace of F⊕rp
generated by the following r − 1 elements:
ϕ(ε1) = (a1,1, a1,2,0, . . . ,0),
ϕ(ε2) = (0, a2,2, a2,3,0, . . . ,0),
. . . ,
ϕ(εi) =
(
0, . . . ,0,
i
ˇai,i ,
i+1
ˇai,i+1,0, . . . ,0
)
,
. . . ,
ϕ(εr−1) = (0, . . . ,0, ar−1,r−1, ar−1,r ) (3)
with some ai,j ∈ Fp \ {0}. Since the above generators are clearly linearly independent
over Fp , we have dimFp Cokerϕ = 1. Hence F/k+ is a cyclic extension of degree p by (2).
The extension F/k+ is unramified outside the primes l1, . . . , lr by class field theory. In the
case of r = 1, then the prime l1 must ramify in F/k+ because the class number of k+ is
prime to p. In the case of r  2, suppose that lj is unramified in F/k+ for some 1 j  r .
Since the inertia subgroup of Gal(F/k+) for the prime lj is generated by the image of
(
(0, . . . ,0,
j
1ˇ,0, . . . ,0) mod ϕ(Ek+)
) ∈ Cokerϕ
under the isomorphism Cokerϕ  Gal(F/k+) in (2), we have (0, . . . ,0,
j
1ˇ,0, . . . ,0) ∈
ϕ(Ek+). However, this contradicts the fact that ϕ(Ek+) is generated by elements (3). Thus
we conclude that F/k+ is ramified at primes l1, . . . , lr .
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dition (IV) that (the class of α) = (a,0, . . . ,0) with some a ∈ Fp \ {0} under the identifi-
cation (Ok+/m)×/p = F⊕rp . Since (p,F/k+)d ∈ Gal(F/k+) is equal to the image of the
class of α under the isomorphism Cokerϕ  Gal(F/k+) in (2) and (a,0, . . . ,0) /∈ ϕ(Ek+),
which follows from the fact that ϕ(Ek+) is generated by elements (3), we deduce that
Gal(F/k+) = 〈(p,F/k+)〉  Z/p. Thus we have completed a proof of Lemma 2. 
Lemma 3. The class number of F is prime to p.
Proof. Let H be the genus p-class field of F/k+, namely, the maximal unramified abelian
p-extension of F which is an abelian extension over k+, and let τ be a generator of
Gal(F/k+)  Fp . Then it follows from class field theory that
A(F)/(τ − 1)A(F )  Gal(H/F). (4)
Since the class number of k+ is prime to p by assumption (ii), ∑p−1i=0 τ i kills A(F),
from which we deduce that p kills A(F)/(τ − 1)A(F )  Gal(H/F). In addition, because
F/k+ is a ramified cyclic extension of degree p by Lemma 2 and H/F is unramified,
the inertia subgroup of Gal(H/k+) for a ramified prime gives a splitting Gal(H/k+) 
Gal(H/F) × Gal(F/k+). Hence we conclude that H/k+ is an elementary abelian p-
extension of conductor dividing m, which implies H = F by the definition of F . Therefore
it follows from (4) and Nakayama’s lemma that the class number of F is prime to p. 
Recall that F∞ and XF∞ denote the cyclotomic Zp-extension of F and the Iwasawa
module of F∞/F , respectively, and that Fn stands for the nth layer of F∞/F for n 0.
It follows from Lemma 2(2) and assumption (iii) that there is a unique prime of F lying
over p. Then we see that the class number of Fn is prime to p by Iwasawa [4], because the
class number of F is prime to p by Lemma 3. Hence XF∞  lim←−A(Fn) = 0.
We note that Fk is a CM-field with the maximal real subfield F . Let J be the generator
of Gal(Fk/F ), and let X(Fk)∞ = X+(Fk)∞ ⊕ X−(Fk)∞ be the decomposition of X(Fk)∞ with
respect to the action of J as usual. Then we have X+(Fk)∞  XF∞ = 0, hence X(Fk)∞ =
X−(Fk)∞ . Similarly to the above, we have Xk∞ = X−k∞ because Xk+∞ = 0 by assumptions (ii),
(iii), and Iwasawa [4]. We will finish the proof of Theorem 3 by using following Kida’s
formula [7]:
Theorem C. Let p be an odd prime number and L/k a p-extension of CM-fields. Put
λ−(L∞/L) = dimQp (X−L∞ ⊗ Qp) and λ−(k∞/k) = dimQp (X−k∞ ⊗ Qp), where X−L∞
and X−k∞ are the minus parts of the Iwasawa modules of the cyclotomic Zp-extensions
L∞/L and k∞/k, respectively. We write μ−(L∞/L) and μ−(k∞/k) for the μ-invariants
of the ΛL∞/L-module X−L∞ and the Λk∞/k-module X−k∞ , respectively. Assume that
μ−(k∞/k) = 0. Then, μ−(L∞/L) is also 0, and
λ−(L∞/L) − δ = [L∞ : k∞]
(
λ−(k∞/k) − δ
)+
∑
+
′(
e
(
L+
)− 1),L
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prime L+ of L+∞ in L+∞/k+∞, and the sum
∑′ is taken with respect to all the primes L+ of
L+∞ which are not lying over p, ramify in L+∞/k+∞, and split in L∞/L+∞.
Now we apply Theorem C to the p-extension of CM-fields Fk/k of degree p (the
μ-invariant of k∞/k is 0 by assumption (i)).
We first see that δ = 0 by assumption (iv). In the case of r = s  1, the ramified primes
of F∞ in F∞/k+∞ which are not lying over p and split in (Fk)∞/F∞ are just the primes
of F∞ lying over l1, . . . , lr by Lemma 2 and condition (V). The number of such primes
are exactly r = s because li is totally ramified in F/k+ and remains prime in k+∞/k+ by
condition (II) and the fact Mk+1 = M(ζpe0+1).
In the case of s = 0, there are no ramified primes of F∞ in F∞/k+∞ which split in
(Fk)∞ by condition (V).
Therefore, we have
λ−
(
(Fk)∞/Fk
)= pλ−(k∞/k) + s(p − 1) (5)
by Theorem C. Since μ((Fk)∞/Fk) = μ−((Fk)∞/Fk) = 0, λ(k∞/k) = λ−(k∞/k), and
λ((Fk)∞/Fk) = λ−((Fk)∞/Fk) by Xk∞ = X−k∞ and X(Fk)∞ = X−(Fk)∞ , we deduce that
X(Fk)∞ = X−(Fk)∞ is a free Zp-module of rank pλ(k∞/k)+ s(p − 1) from (5) and the fact
that X−
(Fk)∞ has no nontrivial finite Λ(Fk)∞/Fk-submodules (see [9, Proposition 13.28], for
example). Thus we have completed the proof of Theorem 3.
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